CmScl75 Discrete Mathematics

Lesson 15: Operations on Relations

1. Set operations and relations
Relations are sets. All set operations are applicable to relations
Examples:

Let A={3,5, 6, 7}
B ={4, 5, 9}

Consider two relations R and S from A to B:
R={(xy)|x e Ay e B,x<y}
If (X,y) € R we write XRy

R is a finite set and we can write down explicitly its elements:
R={(3,4).(3,5).(3,9).(5.9). (6,9).(7,9)}

S= {(X,y)l X e A’ ye B’ |X'y| = 2}
If (x,y) € S we write xSy

S is a finite set and we can write down explicitly its elements:
S={@5),(6:4), (7.,5), (7.9}

For R and S the universal set is A x B:
{B4),3,5), 3,9,
(5, 4), (5,5), (5,9),
(6, 4), (6,5), (6,9),
(7,4), (7,5), (7,9}

a) intersection of R and S:
RS ={(x,y) | xRy A xSy} RN S={(35),(7,9}

b) union of R and S:
RuS={(xy)| xRy V xSy}
RuS={(34),3,5),3,9),05,9), (6,9),(7,9), (6,4), (7,5) }



c) complementation:
~R={(xy) | ~(xRy)}
~R=U-R
The universal set for R is the Cartesian product A x B
A={356,7}
B={4,59}

U=AxB={34), (35), (39), (54), (55), (59),
(6,4), (6,5), (6,9), (7,4), (7,5), (7,9)}

R={(3.4). (3.5), (39), (59), (6.9). (7.9)}
U-R={(54), (55),(6,4), (7,4), (7,5}
Note that for any two sets Aand B,A-B=A~B

d) differenceR-S,S-R:
R-S={(xy) xRy A~(xSy)}

R-S={(34),(39),5,9), (6,9}

2. Inverse relation

Let R: A—B be arelation from A to B. The inverse relation R*:B—A
is defined as in the following way:

RY: BoA{(y,x) (xy) € R}

Thus xRy = yR™ x

Examples:
a. LetA={123}B={149}

Let R: B—>A Dbe the set {(1,1), (1,4), (2,2), (2,4), (3,3)}
R : B>A s the relation {(1,1), (4,1), (2,2), (4,2), (3,3)}

b. Let A=4{123} R: A>A be the relation {(1,2), (1,3), (2,3)}

R is the relation: {(2,1), (3,1), (3,2)}



c. other examples:
Ris > R is< 5>8,8<5

R : parent(x,y), R™ : child(y,x)

3. Composition of relations
Let X, Y and Z be three sets, R be a relation from X to Y, S be a relation from Y to Z.
A composition of R and S is a relation from X to Z :
S°R={(x,z)|x € X,z € Z, I ye Y, such that xRy, and ySz}
Note that the operation is right-associative, i.e. we first apply R and then S
Example 1:
Let X, Y, and Z be the sets:
X:{1,3,5}
Y: {2,4,8}
Z {2,3,6}
LetR: X > Y,and S:Y — Z, be the relation "less than™:

R={(12),(1,4),(1,8),(3,4).(3,8).(5.8)}
S={(2.3).(2.,6).(4.6)}
S°R:{(1,3), (1,6), (3,6)}
The element (1,3) is formed by combining (1,2) from R and (2,3) from S
The element (1,6) is formed by combining (1,2) from R and (2,6) from S
Note, that (1,6) can also be obtained by combining (1,4) from R and (4,6) from S.
The element (3,6) is formed by combining (3,4) from R and (4,6) from S

Graphical representation of the composition:

1 2 1(S°R) 3 (intermediary 2)
Q > Q O 1(S°R) 6 (intermediary 2, also 4)
\ 3(S°R) 6 (intermediary 4)
3
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Properties of composition: right-associative, not commutative.

4. ldentity relation
Identity relation on a set A is defined in the following way:
I = {(x,x)|x €A}
Example:

Let A={a, b, c}, | ={(a,a), (b,b), (c,c)}

5. Problems:

Let A={1,2,3},B={a b}, C={x,y, z}
a. Let R ={(1,a), (2,b), (3,8)} and S = {(a,y),(a,2),(b,x),(b,2)}

Find S°R

b. LetR ={(1,8), (2,b), (3,8} and S = {(a,y),(a,2)}

Find S°R

a. LetR={(1,a), (2,b)}andS={(ay), (b,y), (b,2)}
FindS°R

b. LetR={(1,), (2,b), (3,2} and S = {(a,y),(a,2),(b,x),(b,2)}
Find R?,S*and RtoS?



Solutions
LetA={1,23},B={a b} C={xy 2}
a. LetR={(1,a), (2,b), (3,8)} and S = {(a,y).(a.2),(b.x).(b,2)}
Find S°R
Solution: {(1.y), (1, 2), (2x).(2,2), (3,y), (3, 2)}
b. LetR={(1,a), (2,b), 3:a)} and S = {(a)y),(a,2)}
Find S°R
Solution: {(1y), (1, 2), (3,y), (3, 2)}

c. LetR={(L,a), 2,b)}and S = {(ay), (b, y), (b,2)}
Find S°R

Solution: {(1,y), (2,y), (2, 2)}

d LetR= {(l a), (2 b), (3, a)} and S={(@y),(az2),(b,x),(b,2)}
FindR*,S*and R*o st

Solution:
R* ={(a1), (b2), a3)}
st ={(y.a).(za),(x,b),(z.b)}

RTS™= {(y,1), (%:3), (x.2), (z.1), (2.3), (.2)}



